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Abstrat
We onsider a spin ladder model whih is known to have matrix produt states as exat
ground states with spin liquid harateristis. The model has two ritial-point transitions
at the parameter values u = 0 and ∞. We study the variation of entanglement and delity
measures in the ground states as a funtion of u and speially look for signatures of quantum
phase transitions at u = 0 and ∞. The two dierent entanglement measures used are S(i) (the
single-site von Neumann entropy) and S(i, j) (the two-body entanglement). At the quantum
ritial point (QCP) u = ∞, the entanglement measure E [= S(i), S(i, j)] vanishes but remains
non-zero at the other QCP u = 0. The rst and seond derivative of E with respet to the
parameter u and the entanglement length assoiated with S(i, j) are further alulated to
identify speial features, if any, near the QCPs. We further determine the GS delity F and a
quantity ln|D| related to the seond derivative of F and show that these quantities alulated
for nite-sized systems are good indiators of QPTs ourring in the innite system.
I. INTRODUCTION
In reent years, quantum phase transitions (QPTs) in many-partile systems have been extensively
investigated using well-known quantum information theoreti measures. QPTs whih are solely
driven by quantum utuations our at zero temperature when some parameter, either external or
intrinsi to the Hamiltonian, is tuned to a speial value termed the transition point [1℄. In the ase
of seond-order QPTs (ritial-point transitions), a diverging length sale governs the physis near
a quantum ritial point (QCP). Usually, the orrelation length assoiated with spei orrelation
funtions diverges as the QCP is approahed and the ground state properties develop non-analyti
features. In this ontext, it is pertinent to ask whether the quantum orrelations assoiated with
entanglement are good indiators of QPTs. A number of entanglement measures have so far been
identied whih show speial features lose to the transition points of QPTs ouring in spin systems
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[2, 3, 4, 5, 6, 7℄. It has been shown that, in general, a rst order QPT, linked to a disontinuity in the
rst derivative of the ground state energy, is signalled by a disontinuity in a bipartite entanglement
measure suh as negativity and onurrene [8, 9, 10℄ and a disontinuity or a divergene in the rst
derivative of the same entanglement measure marks a seond order phase transition haraterized
by a disontinuity or a divergene in the seond derivative of the ground state energy [2, 3℄. The
entropy of entanglement of a blok of L ontiguous spins in a hain with the rest of the system has
been shown to diverge logarithmially with L near the QCP [4℄.
The typial length sale over whih a partiular entanglement measure deays denes the entan-
glement length (EL). A number of entanglement measures haraterized by a diverging EL lose to
a QCP have been proposed to date [7, 11℄. One of these, the two-body entanglement S(i, j) whih
estimates the amount of non-loal orrelations between a pair of separated spins at sites i and j
and the rest of the spins, is given by the von Neumann entropy
S(i, j) = −Tr ρ(i, j) log2 ρ(i, j) (1)
where ρ(i, j) is the two-site redued density matrix obtained by traing out the spins exept the
ones at sites i and j from the full density matrix. When the system is translationally invariant, S
depends only on the separation n =| j − i | and an be expressed in terms of the spin orrelation
funtions in the large n limit. Away from the ritial point, S(i, j) saturates over a length sale ξE ,
the EL, as n inreases. Close to the QCP and for large n, we have
S(n)− S(∞) ∼ A(n) e− nξE (2)
S(i, j) aptures the long-range orrelations at a QCP if A(n) has a power-law deay as a funtion
of n along with a divergent ξE . This is true for spin models suh as the S =
1
2 exatly solvable
anisotropi XY model in a transverse magneti eld [7℄. The EL is found to diverge with the same
ritial exponent as the orrelation length at the QCP. S(i, j) and its rst derivative have been
found to develop speial features in the viinity of the QCP [7, 18, 19, 20℄. The single-site von
Neumann entropy (a measure of the entanglement of a single spin with the rest of the system)
S(i) = −Tr ρ(i) log2 ρ(i) (3)
is also known to be a good indiator of QPTs [3, 18, 19℄. In Eq. (3), ρ(i) is the single-site redued
density matrix.
The exploration of the entanglement properties of the ground state of a number of spin−1
Hamiltonians (the AKLT model is an example) has been arried out using both analytial and
numerial tehniques [11, 12, 13℄. Certain spin-1 and generalized spin- 12 ladder model systems are
known to have matrix produt (MP) states as exat ground states [14, 15, 16℄ . The MP states
are nitely orrelated states with short-ranged spin-spin orrelations, may have hidden topologial
order and have gapped exitation spetra. The seond order transitions in these so-alled nitely
orrelated MP states belong to the lass of generalized QPTs (the denition enompasses the tran-
sitions marked by a non-analytiity in any observable of the system) [16℄ whih dier from the
onventional QPTs in some important aspets. The spin orrelation funtion in both the ases is of
the form AC e
− n
ξC
for large n. In the ase of MP states, AC vanishes at the transition point though
the orrelation length ξC blows up as the transition point is approahed. In the ase of a on-
ventional QCP, the orrelation funtion has a power-law deay lose to the QCP. A distinguishing
feature of QPTs in MP states arises from the fat that the ground state energy density is analyti
for all values of the ontrol parameter. A ritial point transition is, however, still signalled by a
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diverging orrelation length and the vanishing of an energy gap. The MP states have been used as
trial wave funtions for a number of standard spin models and provide the basis for the well-known
density matrix renormalization group (DMRG) method leading to several interesting developments
in quantum information theory [17℄. The MP states further serve as andidate systems for the
study of unonventional QPTs.
Reently, ground state delity has been proposed to provide a signature of QPTs [21, 22℄ and
the usefulness of the measure has been explored in a number of studies [23, 24, 25, 26, 27, 28, 29℄.
Fidelity, a onept borrowed from quantum information theory, is dened as the overlap modulus
between ground states orresponding to slightly dierent Hamiltonian parameters. The advantage
of using this measure is that it haraterizes QPTs without needing any a priori knowledge of
the order parameter and the symmetries of the system. The delity typially drops in an abrupt
manner at a transition point indiating a dramati hange in the nature of the ground state wave
funtion. A QCP is haraterized by the vanishing of the single partile exitation gap. In Ref. [27℄,
an expliit onnetion between the vanishing of the gap and the delity drop has been established.
Cozzini et al. [23℄ tested the validity of the delity approah for probing QPTs in MP states and also
studied the nite size saling of the delity derivative establishing its relevane in extrating ritial
exponents. The QPT in the Bose-Hubbard model whih is diult to detet using onventional
entanglement measures has been orretly predited using the delity measure [25℄. Chen et al. [29℄
have shown that the delity of the rst exited state and not the ground state, is the appropriate
quantity to signal QPTs in models suh as the antiferromagneti (AFM) Heisenberg spin hain with
nearest-neighbour as well as next-nearest-neighbour interations.
In this paper, we study a S = 12 ladder model with MP states as exat ground states [30℄.
The model has an interesting phase diagram with two ritial point transitions. We explore the
properties of the ground state using two dierent entanglement measures, namely, the single-site
and the two-body entanglement. The major motivation is to identify distintive features, if any, in
the entanglement measures lose to the QCPs. We look at the same QPTs in the light of delity
analysis and show that the delity F of the ground state is an eient indiator of the QPTs. The
quantity ln |D(u)|, related to the seond derivative of F , also yields useful information regarding
the QPTs. We apply the idea of average entanglement [31℄ to take are of the two-fold degeneray
of the ground state of the model.
II. ENTANGLEMENT MEASURES
We onsider a general ladder model proposed by Kolezhuk et al. [30℄ whih is desribed by a
Hamiltonian of the general form
H =
∑
j=1
[J(S1,jS1,j+1 + S2,jS2,j+1) + JrS1,jS2,j + V (S1,jS1,j+1)(S2,jS2,j+1)
+ Jd(S1,jS2,j+1 + S2,jS1,j+1) +K{(S1,jS2,j+1)(S2,jS1,j+1)− (S1,jS2,j)(S1,j+1S2,j+1)] (4)
where the indies 1 and 2 distinguish the lower and upper legs of the ladder and i labels the rungs.
The ground state |ψ0 (u, u˜)〉 has the following MP form
|ψ0 (u, u˜)〉 = 1√
NC
Tr {g1(u).g2(u˜)......g2N−1(u).g2N (u˜)) (5)
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where
gi(u) =
(
u |s〉i + |t0〉i −
√
2 |t+〉i√
2 |t−〉i u |s〉i − |t0〉i
)
(6)
and NC (= (uu˜ + 3)
2N + 3 (uu˜ − 1)2N) is the normalization fator. Here |s〉i is the singlet state
and |tµ〉 with µ = +1, 0 and −1 are the triplet states of the i-th rung with Sz = +1, 0 and −1,
respetively. 2N is the total number of rungs (with periodi boundary onditions) and u, u˜ are free
parameters. For u 6= u˜, |ψ0 (u, u˜)〉 is dimerized and doubly degenerate as the translation of the
rungs by one unit leads to a dierent state with the same energy.
It is onvenient to rewrite the Hamiltonian (5) as a sum of idential loal terms whih ouple
only neighbouring rungs, H =
∑
j(hi,i+1 − E0). The value of E0 is adjusted to make |ψ0〉 a zero-
energy ground state whih requires the following onditions to be satised. (i) All elements of the
two matrix produts gi(u).gi+1(u˜) and gi(u˜).gi+1(u) have to be zero-energy eigenstates of hi,i+1.
(ii) The other eigenstates of hi,i+1 should have positive energy. The two onditions are satised
when hi,i+1 has the struture
hi,i+1 =
∑
J=0,1,2
J∑
M=−J
ǫJ |ψJM 〉 〈ψJM | (7)
where the eigenvalues ǫJ > 0 and |ψJM 〉's are the omponents of the positive-energy multiplets
onstruted from the states of the two-rung plaquette (i, i+ 1):
|ψ00〉 = [3 + (uu˜)2]− 12 {
√
3 |ss〉+ uu˜ |tt〉J=0}
|ψ1〉 = [2 + (f)2]− 12 {|st〉+ |ts〉+ f |tt〉J=1}
|ψ1〉 = |tt〉J=2 , f = u+˜u√2
(8)
The notation |tt〉J=1 has been used to desribe states with the total spin J = 1 onstruted from
two triplets on rungs i and i + 1, et. We obtain the onnetions between the parameters J , Jr,
Jd, V and K of Eq. (4), the loal eigenvalues ǫJ and the singlet weight parameters u, u˜ of the
ground state wave funtion by laiming that the struture (7) is ompatible with Eq. (4). The
model we study in this paper is a speial ase of the three types of solutions obtained from the
above-mentioned relationships. In this ase, Jd = 0, K 6= 0 and
u = −u˜, K = Jr = ǫ0 (u
2−1)(u2+3)
2 , Jd = 0,
V = ǫ0
(5u4+2u2+9)
4 , J = 3ǫ0
(u4+10u2+5)
16 ,
ǫ1 = ǫ0
(3u4+14u2+15)
8 , ǫ2 = ǫ0
(5u4+18u2+9)
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(9)
As pointed out in Ref. [30℄, the one-parameter model undergoes two seond-order phase tran-
sitions, one at u = 0 and the other at u = ∞. At u = 0, the ground state undergoes a transition
from the dimerized phase to the Haldane phase. The eetive Hamiltonian desribing this phase
is that of the S = 1 AKLT hain. At u = ∞, the transition is to a phase in whih the ground
state is a produt of singlet bonds on the rungs. The transitions at u = 0 and ∞ are marked by
the vanishing of the singlet and triplet gaps, respetively, in the exitation spetrum [30℄. The
ground state is spontaneously dimerized everywhere exept at the ritial points. In the MP
formalism, it is straightforward to alulate the spin-spin and dimer-dimer orrelation funtions
CS(n) =
〈
Sz1,i S
z
1,i+n
〉
and CD(n) = 〈DiDi+n〉 where Di = S1,i.(S1,i+1 − S1,i−1). The dimer orre-
lations are long-ranged and vanish as u→ 0, ∞ but with no exponential tail. The spin orrelation
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length is nite at the AKLT point u = 0, beomes zero at u = 1 and diverges as u → ∞. There
is, however, no development of long-range spin order sine the amplitude of the spin orrelations
beomes zero in this limit. The doubly-degenerate spontaneously dimerized phase whih prevails
away from the ritial points exhibits non-Haldane spin liquid properties. The elementary exita-
tion is of a novel type, a pair of propagating triplet or singlet solitons onneting two spontaneously
dimerized ground states [30℄. In the Haldane phase, the elementary exitation has the harater of
a magnon.
Using the transfer matrix (TM) method, we now study the entanglement properties of the MP
ground state [Eq. (9)℄. The state is two-fold degenerate as the ground-state energy per rung
E0 = − 364 λ0(7u4 + 22u2 + 19) does not depend on the sign of u. The two ground states obtained
from Eq. (6)
|ψ1〉 = 1√
N0(u)
Tr {g1(u).g2(−u)......g2N−1(u).g2N(−u)}
|ψ2〉 = 1√
N0(u)
Tr {g1(−u).g2(u)......g2N−1(−u).g2N(u)} (10)
are asymptotially orthogonal in the thermodynami limit (TDL) N → ∞, i.e., the overlap
〈ψ1|ψ2〉 = 3 (u
2+1)2N+(u2−3)2N
(u2+3)2N+3 (u2−1)2N ≤ 1 for nite N and vanishes in the limit N → ∞. N0(u) [=
(u2+3)2N +3 (u2−1)2N ] is the normalization fator. We onstrut a pair of orthogonal degenerate
ground states applying the usual Gram-Shmidt proedure
|φ1〉 = |ψ1〉
|φ2〉 = 1√
eN
(|ψ2〉 − 〈ψ1|ψ2〉 |ψ1〉) (11)
with N˜ = 1 − |〈ψ1|ψ2〉|2. An arbitrary superposition of the two degenerate ground states is also a
valid ground state. We apply the idea of average entanglement [31℄, i.e., alulate the entanglement
ontent of a general state (an arbitrary superposition of basis states) and then alulate its average
value over the whole of parameter spae (the oeients of the basis-state expansion onstitute the
parameters)
Eav =
∫
dµ(p1, p2, ...) |E(p1, p2, ...)|∫
dµ(p1, p2, ...)
(12)
where
∫
dµ(p1, p2, ...) is the Haar measure assoiated with the parametrization p1, p2, ..., whih
is invariant under unitary operations. The normalization ondition restrits the values of the
oeients so that the parameter spae is assoiated with a ompat hyper-surfae. In the ase of
a double degenerate ground state, a general state is a superposition of two states
|φs〉 = a |φ1〉+ b |φ2〉 (13)
with the restrition |a|2 + |b|2 = 1. The orresponding parameter spae is a 3−D sphere S3. The
one-rung redued density matrix ρ(i) (Eq. (3)) is obtained by traing out all the rungs exept the
i-th one from the ground state density matrix ρ = |φs〉〈φs| . From Eq. (13)
ρ(i) = Tri1,..L |φs〉 〈φs| = Tri1,..L(|a|2 |φ1〉 〈φ1|+ |b|2 |φ2〉 〈φ2|+ ab∗ |φ1〉 〈φ2|+ a∗b |φ2〉 〈φ1| (14)
With the help of standard TM alulations [19℄ , one obtains a form for ρ(i) whih is found to be
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independent of the parameters a and b in the TDL,
ρ(i) =


1
u2+3 0 0 0
0 1
u2+3 0 0
0 0 1
u2+3 0
0 0 0 u
2
u2+3

 (15)
in the |t±1,0, s〉 basis. The single-rung entanglement is obtained as
S(i) =
1
u2 + 3
[(u2 + 3)log2 (u
2 + 3)− u2 log2 u2] (16)
Entanglement average, as dened in Eq. (12), is required for nite-sized systems. In the TDL,
suh averaging is not neessary as ρ(i) [Eq. (14)℄ is independent of a and b (|a|2 + |b|2 = 1). The
variations of S(i) and its rst derivative with respet to u have been shown in Fig. 1 (top) and
(bottom) respetively. S(i) has the value log2 3 at the ritial point u = 0 (the AKLT point) as
expeted, inreases as u is inreased from zero before it reahes its maximum possible value of 2 at
u = 1. Then it dereases with inreasing u and vanishes at the other transition point u = ∞ (Fig.
2). In the rung-singlet phase, eah pair of spins in a rung forms a singlet to beome maximally
entangled with eah other and ompletely unentangled with the rest of the system. The plots are
expetedly symmetri about the point u = 0.
The two-rung redued density matrix ρ(i, j) an be alulated in the same manner. ρ(i, j) is
given by
ρ(i, j) = Tri,j1,..L |φs〉 〈φs| (17)
where the trae is taken over all the rungs exept the i-th and j-th ones. From the usual TM
alulations , we obtain ρ(i, j), in the TDL, as a 16× 16 matrix in blok-diagonal form. From (1)
and (17), the two-body entanglement is
S(i, j) = −
∑
i
λi log2 λi (18)
λi's being the eigenvalues of ρ(i, j). Figure 3 shows the variation of the average S(i, j) (top) and
its rst derivative (bottom) with u for n = 1000. S(i, j) behaves in a similar manner as S(i). It has
the value 2 log23 at the QCP u = 0, it then inreases with u to attain the peak value 4 at u = 1 and
when u is inreased further, S(i, j) dereases and falls to zero (Fig. 4) as we approah the QCP
u =∞ . The rst derivatives of S(i) and S(i, j), instead of showing any non-analytiity, fall sharply
to zero at both the QCPs. The rst derivatives are also zero at u = 1 where the entanglement
measures have the maximum value. The seond derivatives of S(i) and S(i, j) are logarithmially
divergent at both the QCPs u = 0 and ∞ (as an be seen in the insets of Figs. 1 − 4). Both the
measures S(i) and S(i, j) vanish at u = ∞ and are non-zero elsewhere, they thus behave as an
order parameter dereasing to zero value at the QCP u = ∞ with transition to the rung-singlet
phase. The measures, however, do not have the harater of an order parameter for the transition
at u = 0 from the dimerized to the Haldane phase.
We next alulate the EL, ξE , assoiated with the entanglement measure S(i, j) . Close to either
of the QCPs and in the limit of large n, we have S(n = |j− i|)−S(∞) ∼ Ae e−
n
ξE
. The pre-fator
Ae is found to remain nite and non-zero at the transition point u = 0 but it vanishes at u = ∞ .
The EL ξE is given by
ξE =
1
2 ln|u2+3
u2−1 |
(19)
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We rewrite ξE as a funtion of
1
u
, i.e., ξE =
1
2 ln| 1+3(
1
u
)2
1−( 1
u
)2
|
and study its behaviour near u = ∞, i.e.,
1
u
= 0. Fig. 5 shows the variation of ξE with respet to u and
1
u
. We nd that ξE is nite at the
ritial point u = 0 but it diverges as u → ∞ with the ritial exponent ν = 2 as ξE ∼
(
1
u
)−2
for
1
u
∼ 0. The spin-spin orrelation funtion CS(n) =< Sz1,i Sz1,i+n > an be alulated in the TM
formalism as [30℄
CS(n) = (u
2 + 3)−1(z+z−)n (δn,2k − z− δn,2k+1)
z± = (u± 1)2/(u2 + 3) (20)
Close to the QCP u = ∞, ξE ∼ ξC/2 so that both ξE and ξC diverge with the same exponent
ν = 2.
II. GROUND STATE FIDELITY F(u, δ)
We now investigate the behaviour of delity near the same pair of QCPs. The average delity, in
analogy to (12), is
Fav =
∫
dµ(p1, p2, ...)F(p1, p2, ...)
dµ(p1, p2, ...)
(21)
The overlap between two general ground states, |φ(u1)〉 and |φ(u2)〉 (see Eq.(13)), orresponding
to two dierent values of the ontrol parameter is given by
F(u1, u2) = 〈φ(u1)| φ(u2)〉 = |a|2 〈φ1| φ1〉+ |b|2 〈φ2| φ2〉+ ab∗ 〈φ1| φ2〉+ a∗b 〈φ2| φ1〉 (22)
F(u1, u2) (averaged over the {a, b} ) an be expressed in terms of the eigenvalues of the TM [23℄ as
F(u1, u2) = 1√
N0(u1)N0(u2)
[(1 + 1+p(u1)p(u2)√
(1−p2(u1)p2(u2))
){(u1u2 + 3)2N + 3
(u1u2 − 1)2N} − p(u1)p(u2)√
(1−p2(u1)p2(u2))
{(u1u2 − 3)2N + 3 (u1u2 + 1)2N}]
(23)
where p(u) = 3 (u
2+1)2N+(u2−3)2N
(u2+3)2N+3(u2−1)2N . Fig. 6 (top) shows the nature of the variation of F(u, u + δ),
(overlap of the states orresponding to two lose points in the ontrol parameter spae separated
by a small variation) with u and N in the neighbourhood of the ritial point u = 0 for δ =
.001. A straightforward alulation reveals that for large values of N and for u 6= 0, F(u1, u2) ∼
(α(u1, u2))
N
, where α(u1, u2) =
u21u
2
2+6u1u2+9
u21u
2
2+3 (u
2
1+u
2
2)+9
. α(u, u+ δ) < 1 and it has a sharp dip at u = 0.
Thus away from the ritial point, F(u, u+ δ) dereases exponentially with N and vanishes in the
TDL for any xed value of u and δ, but we observe from Fig. 6 (top) that F(u, u+ δ) dereases at
a muh enhaned rate when the QCP is approahed. Intuitively, the rate of orthogonality, i.e., the
rate at whih the distane between the ground states orresponding to two neighbouring points
of the parameter spae beomes maximal, should diverge in the proximity of a QPT. It is thus
sensible to relate the degree of ritiality to the derivative of the delity funtion. Cozzini et al [23℄
have proposed a general expression for the quantity relevant in this ase
D(u) = −∂u1 ∂u2 ln F (u1, u2) |u1=u2=u (24)
where F (u1, u2) =
√
N0(u1)N0(u2)F(u1, u2). In the large N limit and for u 6= 0, one an easily
hek that D(u) ∼ N(u2+3)2 . Thus in the plots (Fig. 6 (bottom) ) showing the variation of ln|D(u)|
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with u for dierent values of N , we observe that the rate at whih ln|D(u)| inreases with u is
heightened in the proximity of the QCP u = 0. To repeat the whole analysis for the other ritial
point u = ∞, we express F (u1, u2) as a funtion of u˜1 = 1u1 and u˜2 = 1u2 . For very large N ,
F ′(u˜1, u˜2) ∼ (α′(u1, u2))N [α′(u˜1, u˜2) = 9 u˜
2
1u˜
2
2+6 u˜1u˜2+1
9 u˜21u˜
2
2+3(u˜
2
1+u˜
2
2)+1
] and D
′
(u˜) ∼ N(3 u˜2+1)2 away from the
ritial point. We nd a similar variation of F ′(u˜, u˜+δ) [Fig. 7 (top) ℄ and D′(u˜) [Fig. 7 (bottom) ℄
near the QCP u˜ = 0, i.e., u =∞ as in the ase of the QCP u = 0. F ′(u˜, u˜+δ) falls sharply at u˜ = 0
and the fall beomes faster as we inrease N . The quantity ln|D′(u˜)| inreases at an enhaned rate
and tends to blow up in the viinity of u˜ = 0 as we inrease the value of N . The inset of the gure
shows that urves plotted in resaled units ollapse onto a single urve for dierent values of N .
The resaled quantity
D
′
(u˜)
N
is found to be a funtion of Nu˜2 only. This feature of data ollapse is
analogous to the saling behaviour of observables in the viinity of a ritial point. The nite size
saling hypothesis, valid in the ritial region, is given by XN = N
ρ
ν Q(N |g − gc|ν) where XN is
some observable with the divergent behaviour XN ∼ |g − gc|−ρ lose to the ritial point g = gc.
The exponent ν is the orrelation length exponent. In the present ase ρ ∼ 0 and ν = 2.
IV. DISCUSSIONS
In this paper, we have studied a S = 12 spin ladder model the exat ground states of whih are MP
states. The ground state is spontaneously dimerized and doubly degenerate (broken translational
symmetry) at all values of the parameter u exepting the points at u = 0 and u =∞. At u = 0, a
QPT ours to the Haldane phase of an eetive S = 1 hain whih is signalled by the vanishing
of a singlet exitation gap. The elementary singlet exitation in the dimerized phase is neither
a magnon nor a spinon but a soliton in the dimer order. The lowest soliton exitations our in
pairs. At u = ∞, there is another QPT to the rung-singlet phase with the vanishing of a triplet
exitation gap, assoiated with triplet solitons. The ground states in all the three phases: Haldane
(u = 0), spontaneously dimerized (0 < u < ∞) and rung-singlet (u = ∞) are spin liquids with
no onventional long-range order in the two-spin orrelation funtions but are haraterized by
other types of order parameters. The spontaneously dimerized phase has long range order in dimer
orrelations whih vanishes for u → 0, ∞ but there is no exponential tail. The Haldane phase
has the string order parameter [11, 12, 13, 14℄ whereas the rung-singlet phase has dimer-dimer
orrelations with the dimers loated on the rungs. The two-spin orrelation length is nite at u = 0
and diverges as u → ∞ but no long range order develops in the latter ase sine the amplitude of
spin orrelations falls to zero in this limit.
As pointed out in [16℄, QPTs in MP states are unonventional with the ground state energy
analyti at g = gc, the transition point. A onventional QPT is signalled by a non-analytiity in
the ground state energy. One an, however, generalize the denition of QPT to inlude ases where
any observable quantity beomes non-analyti as the transition point is reahed. MP states are
an important lass of states whih provide an exat representation of many-body ground states of
spei Hamiltonians. Also, every state of a nite system has an MP representation whih thus
provides the basis of the powerful DMRG method. In the thermodynami limit, seond order QPTs
our in MP ground states aompanied by vanishing energy gaps and diverging orrelation lengths.
We have studied the variation of the entanglement measures S(i) and S(i, j) as a funtion of u in
the ground state of the spin ladder model with QCPs at u = 0 and∞. The major goal of our study
is to identify signatures of QPTs, if any, in the quantum information theoreti measures assoiated
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with entanglement and delity. We provide a summary and analysis of our results below.
Both S(i) and S(i, j) have zero values at u = ∞, i.e., in the rung singlet phase (Figs. 2 and
4) and nonzero values in the dimerized phase 0 < u < ∞. The entanglement measures an thus
be treated as an order parameter with zero value at the QCP u = ∞ and non-zero value in the
preeding dimerized phase. In the rung singlet phase, eah rung is desribed by a spin singlet whih
is maximally entangled but the rung is disentangled from the rest of the system. The EL, ξE , as
alulated from S(i, j) diverges as u→∞ (Fig. 5 (bottom)) with ξE = ξC2 , ξC being the spin-spin
orrelation length. The entanglement ontent in this ase vanishes with innite entanglement range.
At the QCP u = 0, the entanglement measures have the magnitudes assoiated with the AKLT
state of a spin-1 model. The entanglement measure has a loal minimum at this point, rises to the
maximum value at u = 1 and then dereases to the global minimum value zero at u =∞. The rst
derivatives of S(i) and S(i, j) both fall sharply to zero at u = 0 and u =∞. The double derivatives
of these quantities diverge as the QCPs are approahed (insets of Figs. 1 − 4). The divergene
arises from the struture of the von Neumann entropy involving terms suh as log2u
2
or log2
1
u2
.
A similar type of divergene ours in the QPT of a model studied in [6℄. We thus nd that the
entanglement measures S(i) and S(i, j) do develop distintive features lose to the QCPs u = 0
and u =∞.
We further looked for signatures of QPTs via the delity measure. Fidelity, i.e., the overlap of
ground states for slightly dierent Hamiltonian parameters, is expeted to drop abruptly at a QCP
indiating a dramati hange in the ground state struture. We plotted F(u, δ) = 〈u|u+ δ〉 with
u and N for δ = 10−3 and found that the quantity indeed falls to zero rapidly as the QCPs u = 0
and ∞ are approahed. The quantity ln|D(u)|, where D(u) is related to the seond derivative of
F , also provides a good signature of QPTs. You et al [32℄ has introdued a quantity, the so-alled
delity suseptibility χF whih is dened as
χF (u) = limδ→0
−2 lnF(u, δ)
δ2
(25)
One an easily hek that χF has the same form as D(u). The nite size saling hypothesis, whih
is expeted to be valid in the viinity of a QCP, leads to the ollapse of urves onto a single saling
funtion (inset of Fig. 7) as the QCP u = ∞ is approahed. The delity measures exhibit similar
features in the ase of a onventional QPT. The spin ladder model studied in the paper has spin
liquid-type ground states with none of the phases exhibiting long range magneti order in the two-
spin orrelation funtions. The model has three distint phases with harateristi quantum order
parameters. A haraterization of the transitions between the phases in terms of entanglement
and delity measures provide a new perspetive on the many body nitely orrelated states and
the transitions between them. Quantum information theoreti measures suh as entanglement and
delity provide a novel haraterization of QPTs ouring in many-body ondensed matter systems
[33, 34, 35℄. The present study illustrates this in the ase of a spin ladder model with spin-liquid
type ground states.
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FIG. 1: Plot of S(i) (top) and ∂S(i)
∂u
(bottom) as funtions of u. The inset (bottom)
shows the diverging behavior of the seond derivative of S(i) near u = 0.
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FIG. 2: Plot of S(i) (top) and ∂S(i)
∂( 1
u
)
(bottom) as funtions of
1
u
. The inset (bottom)
shows the diverging behavior of the seond derivative of S(i) near u =∞.
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FIG. 3: Plot of S(i, j) (top) and ∂S(i,j)
∂u
(bottom) as funtions of u for n = 1000. The
inset (bottom) shows the diverging behavior of the seond derivative of S(i, j) near
u = 0.
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FIG. 4: Plot of S(i, j) (top) and ∂S(i,j)
∂( 1
u
)
(bottom) as funtions of
1
u
for n = 1000. The
inset (bottom) shows the diverging behavior of the seond derivative of S(i, j) near
u =∞.
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FIG. 5: Plot of EL as a funtion of u (top) and 1
u
(bottom) .
16
-20
-10
10
20
u
10 000
30 000
80 000
N
0
1
F Hu,u+∆L
-20 -10 0 10 20
0
2
4
6
8
10
12
u
ln
ÈD
HuL
È
FIG. 6: Plot of F(u, u + δ) (top) as a funtion of u and N for δ = .001 and ln|D(u)|
(bottom) (N = 103, 104, 105 and 106) as a funtion of u.
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FIG. 7: Plot of F ′(u˜, u˜ + δ) (top) as a funtion of u˜ and N for δ = .001 and ln|D′(u˜)|
(bottom) (N = 102, 103, 104 and 105) as a funtion of u˜. The inset shows the data ollapse
for the resaled funtion
D
′
(u˜)
N
for same values of N .
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